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Abstract. We revisit the dynamics of the curvaton in detail taking account of effects from
thermal environment, effective potential and decay/dissipation rate for general field values
and couplings. We also consider the curvature perturbation generated through combinations
of various effects: large scale modulation of the oscillation epoch, the effective dissipation rate
and the timing at which the equation of state changes. In particular, we find that it tends
to be difficult to explain the observed curvature perturbation by the curvaton mechanism
without producing too large non-Gaussianity if the curvaton energy density is dissipated
through thermal effects. In particular, we find that if the renormalizable coupling between
the curvaton and light elements is larger than the critical value ∼ (mφ/Mpl)1/2, the curvaton
is soon dissipated away almost regardless of its initial energy density, contrary to the standard
perturbative decay. Therefore, the interaction between them should be suppressed in order
for the curvaton to survive the thermal dissipation.
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1 Introduction
Curvaton [1–3] is a scalar field which is responsible for the generation of the large scale
primordial curvature perturbation of the universe while does not contribute to the inflation.
Recent cosmological observations show that the scalar spectral index ns is in the range
ns = 0.9603±0.0073 [4], showing strong evidence for the red-tilted spectrum. In the curvaton
model, the red-tilted spectrum can be explained either by the modestly steep tachyonic
potential or by the large field inflation model with  ∼ O(0.01), where  is the usual slow-roll
parameter [5]. A possible smoking-gun signature of the curvaton is the local-type non-
Gaussianity, which is characterized by the so-called non-linearity parameter fNL. Although
the non-Gaussianity is not found so far and fNL is constrained severely [6], the curvaton
scenario is still a viable possibility for generating the observed curvature perturbation.
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The curvaton field φ has to couple to other fields, otherwise the energy of the curvaton
cannot convert to that of radiation. To be concrete, we consider the following Lagrangian
L = Lkin − 1
2
m2φφ
2 − λ2φ2|χ|2 − yφψ¯ψ + Lhigher + Lothers, (1.1)
where φ is a real scalar field, λ and y are coupling constants, Lkin represents canonical kinetic
terms collectively, Lhigher denotes higher dimensional operators that may induce (tiny) decay
rate Γhigherφ for φ and Lothers indicates other interactions including the other light fields in
thermal bath. χ and ψ are a complex scalar field and a Dirac fermion respectively and both
are assumed to be charged under some gauge group. We take χ and ψ to be sufficiently light
so that their zero-temperature mass terms can be neglected in the following discussion. The
typical coupling constant of χ and ψ with other lighter fields is represented by α, which is
assumed to be relatively large: λ, y  α. One of the well motivated cases in our setup is the
model where χ is the standard model Higgs boson. Such a scenario was studied in refs. [7–9].
In usual curvaton scenarios, one often assumes that the curvaton field φ starts to oscillate
with zero-temperature mass and then decays perturbatively with a constant rate. However,
the actual evolution of the scalar field with interactions given in (1.1) in thermal environment
is much more complicated. First, thermal background and/or loop corrections modify the
effective potential for φ, which change the properties of the scalar field oscillation. It also
drastically changes the effective decay/dissipation rate of φ, depending on the curvaton mass,
oscillation amplitude, coupling constants and the background temperature. These effects on
the evolution of the scalar field were studied and summarized in refs. [10–12]. We revisit the
evolution of the scalar field in general initial values, masses, couplings and temperature in the
context of curvaton scenario. Thermal effects on the dynamics of the curvaton were partly
studied in the literature [13, 14]. In this paper, we perform thorough study of these effects
in detail and also consider the effects of general forms of effective potential and effective
dissipation rate on the curvature perturbation. Actually, those effects drastically modify the
evolution of the curvaton and the resulting curvature perturbation as we will see.
This paper is organized as follows. In section 2 we briefly review ingredients needed
to follow the evolution of the universe. The list of effective potential and dissipation rates
and coupled equations of the energy components can be found in this section. Section 3 is
devoted to the formulation to evaluate the curvature perturbation. In the formulation, we
first take the effects of general forms of effective potential and effective dissipation rate into
account. In section 4, we show numerical results for some typical cases. We conclude in
section 5.
2 Ingredients
2.1 Effective potential
The effective potential of φ can be approximately written as
V (φ) = Vtree + VCW + Vthermal, (2.1)
where Vtree is the tree-level potential:
Vtree =
1
2
m2φφ
2, (2.2)
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and VCW is the Coleman-Weinberg (CW) potential [15]:
VCW = Nχ
λ4φ4
32pi2
ln
λ2φ2
Q2
−Nψ y
4φ4
16pi2
ln
y2φ2
Q2
, (2.3)
with Nχ/ψ being the number of complex component of χ and the number of Dirac fermion
of ψ respectively, and Q being the renormalization scale. Roughly speaking, VCW can be
regarded as the quartic potential for φ. Vthermal denotes the thermal potential induced by
the background thermal plasma, which is produced from the decay of the inflaton. It has the
following form approximately:
Vthermal ' θ(T − λφ)Nχλ
2T 2
12
φ2 + θ(T − yφ)Nψ y
2T 2
12
φ2 (2.4)
+ θ(λφ− T )aL,χα(g)χ
2
T 4 ln
λ2φ2
T 2
+ θ(yφ− T )aL,ψα(g)ψ
2
T 4 ln
y2φ2
T 2
, (2.5)
where the first line represents the thermal mass term [16] which is generated if χ or ψ are
in thermal bath. Here θ is the step function which approximates the effect of Boltzmann
suppression. The second line is the so-called thermal log potential [17], with α
(g)
χ/ψ being the
fine structure constant of some gauge group under which χ/ψ is charged. The coefficient
aL,χ/ψ is a model dependent order one constant and we take aL,χ/ψ = 1 in the following
analysis for simplicity.
As the universe evolves, the temperature of thermal bath and the amplitude of φ decrease
gradually. As a result, the dominant term in the potential also varies with time. Hence, it is
convenient to define the effective mass of φ which characterizes the motion of φ:
m2φ,eff(φ˜) ≡ max
[
m2φ,m
2
CW,m
2
th,m
2
th-log
]
, (2.6)
where φ˜ denotes the amplitude of oscillating φ. m2CW comes from VCW:
m2CW = Nχ
λ4φ˜2
16pi2
ln
λ2φ˜2
Q2
−Nψ y
4φ2
8pi2
ln
y2φ˜2
Q2
, (2.7)
m2th from thermal mass:
m2th = θ
(
T − λφ˜
)
Nχ
λ2T 2
6
+ θ
(
T − yφ˜
)
Nχ
y2T 2
6
, (2.8)
and m2th-log from thermal log term:
m2th-log = θ
(
λφ˜− T
)
α(g)χ
2 2T 4
φ˜2
ln
λ2φ˜2
T 2
+ θ
(
yφ˜− T
)
α
(g)
ψ
2 2T 4
φ˜2
ln
y2φ˜2
T 2
. (2.9)
With this definition of m2φ,eff , we can write the “velocity” of φ near the origin as
1
φ˙
∣∣∣
φ'0
'
√
m2φ,eff φ˜
2. (2.10)
1In the case where the scalar φ oscillates dominantly with the thermal log potential, the very origin may
be governed by the thermal mass, if the coupled light particles χ/ψ are produced efficiently from the thermal
bath when the φ passes through |φ| < T/(λ or y). See the discussion below eq. (2.22). In this case, the
velocity of φ near the origin is given by φ˙
∣∣∣
φ'0
' T 2.
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The Hubble scale when φ starts to oscillate is obtained as
9H2os =
∂V (φi)
∂φi
1
φi
∼ m2φ,eff(φi), (2.11)
where φi is the initial value of φ.
2.2 Effective dissipation rate
After φ starts to oscillate, φ obeys the following equation:
φ¨(t) + 3Hφ˙(t) + V ′(φ) + Γφ[φ(t)]φ˙(t) = 0. (2.12)
Generally, the dissipation rate Γφ[φ(t)] depends on the field value φ(t). In order to follow
the cosmological dynamics of oscillating scalar, it is convenient to take the oscillation time
average, which is much shorter than the cosmic time scale. Then, the important parameter
which determines the evaporation time of scalar condensation is the oscillation averaged
dissipation rate:
Γeffφ
(
φ˜(t)
)
≡ 〈Γφ[φ(t)]φ˙(t)
2〉
〈φ˙2(t)〉 , (2.13)
where 〈· · · 〉 denotes the oscillation average. The oscillating scalar φ is expected to disappear
at H ∼ Γeffφ .2
In this subsection, we estimate the effective dissipation rate Γeffφ . In order to evaluate
Γeffφ , one has to know the thermal mass and width of χ and ψ. To avoid possible model-
dependent complications, we parametrize the thermal mass mth,χ/ψ and width Γth,χ/ψ of
χ/ψ as follows:
mth,χ/ψ = gth,χ/ψT, (2.14)
Γth,χ/ψ = αth,χ/ψT. (2.15)
As is mentioned, we assume that χ and ψ interact with thermal bath via relatively strong
couplings and hence the relation αth,χ/ψ  λ, y holds. We set αth,χ/ψ ∼ g2th,χ/ψ for simplicity.
In the following, let us consider the case where χ and ψ have decay channels if they are heavy
enough, and the decay rate is parametrized as
Γdec,χ/ψ = h
2
χ/ψmχ/ψ, (2.16)
with h2χ/ψ . αth,χ/ψ. The parameters gth,χ/ψ, αth,χ/ψ and hχ/ψ strongly depend on models,
and hence we regard them as free parameters in this section. For simplicity, we assume
h2χ/ψ ∼ αth,χ/ψ in the following.
Before moving to evaluation of averaged dissipation rate, there is a comment on the
accuracy of our estimation. It is not easy to derive precise dissipation rates due to thermal
effects, non-perturbative effects. Therefore, we focus on the order-of-magnitude estimations
and drop off numerical factors.
2An exception is the case in which the scalar shows a fixed-point behavior. See section 3.2.
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2.2.1 Dissipation by non-perturbative particle production
First, let us consider the non-perturbative particle production of χ and ψ. Note that the
dispersion relations of χ and ψ depend on φ(t):
ω2χ/ψ,k = k
2 +m2th,χ/ψ + (λ
2 or y2)φ2(t), (2.17)
where the last term (λ2 or y2) indicates λ2 for χ and y2 for ψ. As φ(t) oscillates with a large
amplitude, the adiabaticity of some modes may be broken down:
∣∣∣ω˙χ/ψ,k/ω2χ/ψ,k∣∣∣  1. In
such a situation, the particle of χ/ψ can be produced non-perturbatively. For detailed study
of such a process, see refs. [18, 19].
We have to comment on the effects of the quartic self interaction of φ. It can cause the
non-perturbative production of φ particles and subsequent turbulence phenomena [20–22]
(and references therein). Nevertheless, we will neglect such effects as justified in appendix A.
Roughly speaking, the weakness of the quartic couplings of φ enables us to neglect the effects
of non-perturbative production of φ particles as long as the quartic interaction dominantly
comes from the CW correction. More precisely, one can show that the typical scale of non-
perturbative φ particle production k2∗,φ ≡ λ2φ˙|φ∼0 ∼ λ2ρ1/2φ , below which inhomogeneous
modes of the curvaton grow rapidly due to the parametric resonance, is much smaller than the
typical interaction rate of χ/ψ with the thermal plasma, k∗,φ  Γth,χ/ψ; and that the cascade
of produced φ particles toward the ultra-violet (UV) regime is driven by the interaction with
the thermal plasma via the quartic interaction λ2φ2|χ|2 not by the four-point self interaction.
Therefore, the background thermal plasma see the φ field essentially as the slowly varying
homogeneous field. See appendix A for details.
The particle production of χ/ψ is characterized by the following parameter:
k2∗,χ/ψ ≡ (λ or y)φ˙|φ=0 ' (λ or y)mφ,eff φ˜, (2.18)
where (λ or y) indicates λ for χ and y for ψ. If the condition
k2∗,χ/ψ  max
[
m2φ,eff ,m
2
th,χ/ψ
]
(2.19)
is met, then the following number density of χ/ψ particles are produced spontaneously at
the first passage of φ ∼ 0:
nχ/ψ ' Nχ/ψ
k3∗,χ/ψ
4pi3
. (2.20)
The first condition k2∗,χ/ψ  m2φ,eff implies that if the amplitude of φ is small compared with
the effective mass of φ, the non-perturbative particle production does not occur. The second
condition k2∗,χ/ψ  m2th,χ/ψ implies that if thermal mass of χ/ψ is large enough to maintain
their adiabaticity, the non-perturbative particle production does not occur.
After χ/ψ is produced at the origin of φ, the condensation φ increases its field
value, which raises the effective mass of χ/ψ correspondingly. Then, if the condition
h2χ/ψ(λ or y)φ˜  mφ,eff is met, the produced χ/ψ decays well before φ moves back to the
origin again.3 We concentrate on this case in the following. Through the decay of χ/ψ, the
3Note that the parametric resonance is suppressed in this case because there are no previously produced
particles which trigger the induced emissions.
– 5 –
J
C
A
P06(2014)013
condensation φ loses its energy [23]. The effective dissipation rate of this process can be
estimated as [10, 11]
ΓNPφ ' Nχ/ψ
(λ2 or y2)mφ,eff
2pi4|hχ/ψ|
. (2.21)
Typically, the non-perturbative particle production stops when k∗,χ/ψ drops down to
satisfy the condition k∗,χ/ψ ' mth,χ/ψ. After that the dissipation of φ will be caused by
thermally produced χ/ψ particles which we will discuss below.
2.2.2 Dissipation by thermally produced χ/ψ
Then, let us study the dissipation of φ due to thermally populated particles. We will show
neither the detailed computations nor the complete list of dissipation rate in the following,
rather summarize the results relevant to our following discussion. For detailed calculations
and discussion, see refs. [10–12]. See also refs. [24–27].
• with k∗,χ/ψ  mth,χ,ψ and mφ,eff  αth,χ/ψT
In this region, the oscillating φ can be regarded as a slowly moving object in the fast
interacting particles of thermal bath. The time span δt in which χ/ψ can be regarded
as a massless component compared to temperature (λ or y)φ(t) < T is estimated as
δt ' T/k2∗,χ/ψ. Within this span, χ/ψ particles are produced from thermal bath with a
rate Γth,χ/ψ = h
2
χ/ψT at least. Then, if the condition
δt × Γth,χ/ψ = h2χ/ψT 2/k2∗,χ/ψ  1 (2.22)
holds, one can say that χ/ψ is thermally produced with number density nχ/ψ ∼ T 3
within the time span δt. Since the above inequality implies αth,χ/ψT
2  k2∗,χ/ψ, the
condition for the non-perturbative production given in eq. (2.19) is violated if mφ,eff <
mth,χ/ψ. Therefore, in this region, the φ condensation dissipates its energy dominantly
via interactions with thermally populated χ/ψ particles.
The effective dissipation rates caused by thermally populated χ particles are the fol-
lowings:
Γeff,slow,χφ ∼ Nχ

λT 2
αth,χφ˜
η for T/λ φ˜,
λ4φ˜2
αth,χT
for T < φ˜ T/λ,
λ4T
αth,χ
for φ˜ < T ,
(2.23)
with η = α
(g)
χ/ψ for thermal log, otherwise η = 1. And that caused by ψ particles are
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estimated as
Γeff,slow,ψφ ∼ Nψ

yT 2
αth,ψφ˜
η for T/y  φ˜,
y4φ˜2
αth,ψT
for gth,ψT/y < φ˜ T/y,
y2αth,ψT for φ˜ < gth,ψT/y,
(2.24)
with the same definition of η.
• with (λ or y)φ˜ mth,χ/ψ
In this region, one can safely assume that the χ/ψ particles are in the thermal bath since
the amplitude of oscillating scalar φ˜ can be neglected. Also, the non-perturbative pro-
duction of χ/ψ does not occur as can be seen from eq. (2.19). The effective dissipation
rates caused by thermally populated χ particles are estimated as
Γeff,small,χφ ∼ Nχ

λ4φ˜2
αth,χT
for
√
αth,χT
mφ,eff
T <φ˜<
gth,χT
λ
λ4T 2
mφ,eff
for φ˜ <
√
αth,χT
mφ,eff
T
with αth,χT  mφ,eff . gth,χT ;
(2.25)
Γeff,small,χφ ∼ Nχ

λ4φ˜2
mφ,eff
for T < φ˜ <
gth,χT
λ
λ4T 2
mφ,eff
for φ˜ < T
with gth,χT . mφ,eff < T ;
(2.26)
Γeff,small,χφ ∼ Nχ
λ4φ˜2
mφ,eff
with T < mφ,eff. (2.27)
And that caused by thermally populated ψ particles is the following
Γeff,small,ψφ ∼ Nψ

y2αth,ψT for mφ,eff < 2mth,ψ,
y2mψ for 2mth,ψ < mφ,eff.
(2.28)
Here we do not repeat the results in the case with mφ,eff  αth,χT for brevity.
The main difference between Γeff,small,χφ and Γ
eff,small,ψ
φ is that the dissipation caused
by χ particles becomes less and less efficient as the universe expands, while that caused by
ψ particles remains since the Yukawa interaction allows the perturbative decay of φ into ψ
particles.
In connection with this, in order for the φ-condensation to disappear solely by the quartic
interaction λ2φ2|χ|2, H ∼ Γφ
(
φ˜ T
)
should be achieved before the temperature decreases
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as αth,χT . mφ. This implies that if λ is larger than a critical value λc, the φ-condensation
dissipates completely solely by this term. The critical value λc is evaluated as [12]
λc ∼
(
mφ
MPl
)1/4
, (2.29)
with MPl being the reduced planck mass MPl ' 2.4× 1018 GeV.
Similarly, in the Yukawa case, the φ condensation dissipates completely by the thermal
effects if the Yukawa coupling is larger than the critical value
yc ∼
(
mφ
αth,ψMpl
)1/2
. (2.30)
Note that even though the homogeneous φ condensation disappears solely by the quartic
interaction λ2φ2|χ2|, the distribution of produced φ particles is still dominated by the infrared
regime which is much smaller than the temperature of thermal plasma. Importantly, it
is shown that whenever the homogeneous φ condensation can disappear completely, the
produced φ particles soon cascade toward the UV regime due to the scattering with the
thermal plasma via the quartic interaction and participate in the thermal plasma [12].
2.2.3 Dissipation by other effects
When φ has a large field value: (λ or y)φ  T , a higher dimensional operator induced by
integrating out χ or ψ can cause the dissipation of φ condensation. The dissipation rate is
estimated as [10, 11, 28, 29]
Γ
eff,large,χ/ψ
φ ' bηα(g)
2
χ/ψ
(λ or y)T 2
φ˜
, for (λ or y)φ˜ T, (2.31)
with b being a factor to be O(10−3) typically.4
In addition, as mentioned previously, we assume the higher dimensional term Lhigher in
the Lagrangian which allows a perturbative decay of φ into light particles. The decay rate
induced by this term is denoted by Γhigherφ .
5
2.3 Evolution of the universe
In this subsection, we briefly summarize the equations which describe the evolution of the
universe. The amplitude φ˜(t) obeys the following equation of motion [10, 11]:
∂ ln φ˜(t)
∂t
= − 1
n1
[
n2H + Γ
eff
φ
]
, (2.33)
4For a given non-abelian gauge group under which χ/ψ is charged, b is defined as
b ≡
∑
r=χ,ψ
(
T(r)
16pi2
)2
(12pi)2
lnα−1
, (2.32)
where T(r) is the normalization of a representation r: T(r)δab = tr[ta(r)tb(r)] with ta(r) being a generator.
5Since the decay products via this higher dimensional term are in the thermal bath, the dissipation rate
can be modified in general by the thermal effects when the scalar field oscillates slowly compared with the
typical time scale of thermal bath. However, in that regime, the dissipation is typically dominated by the
renormalizable interaction term of χ/ψ. The dissipation via the higher dimensional term dominates much
later and hence one can neglect the thermal correction to this term practically.
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where Γeffφ is the oscillation averaged dissipation rate defined in eq. (2.13), n1 and n2 are
numerical factors depending on which component dominates the universe and on the effective
mass of φ:
(n1, n2) =

(
n+ 2
2
, 3
)
for vacuum potential with V ∝ |φ|n,(
2,
21
8
[or 2]
)
for thermal mass in ID [or otherwise],
(1, 9/4 [or 1]) for thermal log in ID [or otherwise],
(2.34)
where ID stands for the inflaton-dominated era.
Until the dissipation of φ becomes comparable to the Hubble parameter, the equations
for the energy density of radiation component and that of the inflaton are given by6
∂ρrad
∂t
= −4Hρrad + ΓIρI + Γ˜φρφ, (2.35)
∂ρI
∂t
= −[3H + ΓI]ρI, (2.36)
where ρrad is the energy density of radiation component, ρI and ΓI denote energy density
and decay rate of the inflaton, and ρφ represents the energy density of the condensation of φ
defined as ρφ ≡ m2φ,eff
(
φ˜
)
φ˜2/2, and the last term Γ˜φ denotes the energy transportation from
the curvaton to radiation. Practically, the last term becomes important when φ dominates
the universe, and hence it can be expressed as Γ˜φ = Γ
eff
φ .
7 (See also refs. [10, 11].) The energy
density of the radiation ρrad is related to the temperature T as
ρrad =
pi2
30
g∗T 4, (2.37)
with g∗ being the effective number of relativistic degrees of freedom. We use that of the high
temperature limit of the standard model: g∗ = 106.75. The decay rate of the inflation can
be expressed as:
Γ2I ≡
g∗pi2T 4R
10M2Pl
, (2.38)
where TR is the reheating temperature of the universe. The Hubble parameter H is given by
H2 =
ρφ + ρrad + ρI
3M2Pl
. (2.39)
With the equations above, we can trace the evolution of the universe.
6Here we have assumed that the inflaton behaves as matter.
7 Strictly speaking, there is subtlety on the definition of energy density of φ and energy transportation
from φ to radiation in the case of oscillation with thermal potential. However, in this case, the energy density
of φ is at most that of one degree of freedom in thermal bath ∼ T 4. Hence, it is merely a small change of g∗
and can be neglected practically within an accuracy of our estimation. In addition, in order for the curvaton φ
not to produce too much non-Gaussianity, the energy density of φ when it disappears should nearly dominate
the universe, that is, the curvaton has to oscillate with the vacuum potential at its decay. In this case, the
energy density of φ and the energy transportation are nothing but ρφ = m
2
φφ˜
2/2 and Γ˜φ = Γ
eff
φ . Thus, we can
neglect this ambiguity practically to estimate the curvature perturbation.
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Before closing this subsection, there is one remark. Importantly, we assume that light
particles thermalize instantaneously soon after they are produced from the decay of the infla-
ton. Otherwise the finite density correction to the dynamics of φ strongly depends on models
of reheating. See ref. [30] for the condition of instantaneous thermalization during/after
reheating via a relatively small rate of perturbative decay.
3 Curvature perturbation
We have seen in the previous section how the scalar field φ evolves in the early universe.
Now we are in a position to estimate cosmological parameters. As an illustration, let us
concentrate on the case in which the primordial density fluctuations are dominantly produced
by the curvaton. In order to evaluate cosmological parameters such as power spectrum Pζ
and non-Gaussianity fNL of local one, it is convenient to use the δN formalism [31–35] which
yields
Pζ =
(
H∗
2pi
N,φi
)2
, (3.1)
3
5
fNL =
1
2
N,φiφi
N2,φi
, (3.2)
where ζ is the curvature perturbation and φi is the initial value of φ and we have expanded
ζ in terms of the fluctuation of φi as
ζ = N,φiδφi +
1
2
N,φiφiδφiδφi + . . . . (3.3)
The observations show Pζ ' (5× 10−5)2 and fNL = 2.7± 5.8 (68% C.L.) [4, 6].
In our set up, the dependence of the initial value φi on the e-folding number N from
the spatially flat surface to the uniform density surface is not trivial. This is because the
evolution and dissipation of φ condensation are complicated compared to ordinary simple
cases where the curvaton field oscillates with quadratic potential and decays perturbatively,
since we consider the case where the curvaton directly interacts and dissipates its energy
into thermal bath via renormalizable interactions. As we will see, the large scale curvature
perturbation is generated through many steps. (1) Fluctuations of the initial field value φi
yield fluctuations of the energy density of φ as in the ordinary curvaton model, (2) The
oscillation epoch of φ may depend on φi [36–43], (3) The epoch at which equation of state of
φ changes may also depend on the amplitude of φ, (4) The effective decay/dissipation rate of
φ may also depend on the amplitude of φ. We call (4) “self-modulated reheating”, a variant
type of the modulated reheating mechanism [44–46]. In general cases we have encountered in
the previous section, the final curvature perturbation will be determined by the combination
of all these effects. In this section, we estimate ζ in general set up.
First, we assume that an entropy injection from φ condensation to the radiation occurs
only once. More general cases with multi-time entropy injections will be discussed later.
3.1 Case without fixed point
We consider the three stages of the universe separately: the start of the oscillation of φ, just
before the decay, and after the decay. We focus on the time slicing with the constant ρφ
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surface. We set Nφ as the e-folding number from the spatially flat surface to the constant ρφ
surface. Then, we define ζφ as
ζφ ≡ Nφ − N¯φ, (3.4)
with bar indicates a spatial average. It is conserved once the equation of state of φ is fixed.
We also consider the time slicing with the constant ρoth which denotes the total energy
density except φ. We refer to this surface as the uniform density slice of others (uds-o). We
define ζint for this time slicing with the same way to that of ρφ. We neglect ζint by assuming
that the inflaton obtains negligible curvature perturbation.
3.1.1 After φ-oscillation
We assume ρφ ∝ a−3
(
1+w
(dec)
φ
)
with a being the scale factor of the universe. We can express
ρφ on uds-o in terms of constant ρ¯φ and ζφ:
ρ
(uds-o)
φ (~x) = ρ¯φe
3
(
1+w
(dec)
φ
)
ζφ . (3.5)
Then,
ζφ =
1
3
(
1 + w
(dec)
φ
) ln
1 + δρ(uds-o)φ (~x)
ρ¯φ
 . (3.6)
It is expanded as8
ζφ ' 1
3
(
1 + w
(dec)
φ
) (δφ − 1
2
δ2φ
)
, (3.7)
where
δφ ≡
δρ
(uds-o)
φ (~x)
ρ¯φ
. (3.8)
Now let us express ζφ (or δφ) in terms of the primordial fluctuation of φ. First note that
if the Hubble parameter at the beginning of oscillation depends on φ(~x) itself, we have
ρ
(uds-o)
φ (~x) = ρ
(ini)
φ (~x)
(
Hos(~x)
H(uds-o)
)− 2(1+w(osc)φ )
1+wtot
, (3.9)
where w
(osc)
φ and wtot are the equation of state of φ just after the oscillation and the inflaton
before the reheating (wtot = 0 if the inflaton oscillates around the quadratic potential),
respectively, and Hos(~x) is the Hubble parameter at the beginning of oscillation. If the
potential of φ deviates from the quadratic one, Hos can depend on the initial field value of
φ. Therefore, we obtain
δφ =
δρ
(ini)
φ (~x)
ρ¯
(ini)
φ
−
2
(
1 + w
(osc)
φ
)
1 + wtot
δHos(~x)
H¯os
, (3.10)
at the leading order in δρ
(ini)
φ and δHos.
8Strictly speaking, spacial average of quadratic fluctuations such as δ2φ do not vanish. However, the
contributions of such non vanishing properties are negligible and we do not care about it.
– 11 –
J
C
A
P06(2014)013
In more general situation, the equation of state of φ may change at some epoch. For
example, it may be the case that the quartic potential dominates at first and then the
quadratic term becomes dominant. Let us suppose that wφ changes from w
(osc)
φ to w
(dec)
φ at
the slice H = Hw(~x) at which φ(~x) = const. Then we have
ρ
(H=Hw)
φ (~x) = ρ¯
(H=Hw)
φ = ρ
(ini)
φ (~x)
(
Hos(~x)
Hw(~x)
)− 2(1+w(osc)φ )
1+wtot
. (3.11)
By using this, we can express δHw(~x) in terms of δρ
(ini)
φ (~x) and Hos(~x) as
δw = δHos −
1
aw
δφi +
1 + aw
2a2w
δ2φi −
1
aw
δφiδHos , (3.12)
where
δw ≡ δHw(~x)
H¯w
, δHos ≡
δHos(~x)
H¯os
, δφi ≡
δρ
(ini)
φ (~x)
ρ¯
(ini)
φ
, aw ≡
2
(
1 + w
(osc)
φ
)
1 + wtot
, (3.13)
up to the second order in these quantities. Then, from the following equation,9
ρ
(uds-o)
φ (~x) = ρ
(ini)
φ (~x)
(
Hos(~x)
Hw(~x)
)− 2(1+w(osc)φ )
1+wtot
(
Hw(~x)
H(uds)
)− 2(1+w(dec)φ )
1+wtot
. (3.14)
we obtain δρ
(uds)
φ (~x) in terms of δρ
(ini)
φ (~x) and δHos(~x) as
δφ =
bw
aw
δφi − bwδHos +
bw(bw − aw)
2a2w
δ2φi −
b2w
aw
δφiδHos +
bw(bw + 1)
2
δ2Hos , (3.15)
where
bw ≡
2
(
1 + w
(dec)
φ
)
1 + wtot
. (3.16)
More conveniently, from (3.6), ζφ is expressed in non-linear form as
ζφ =
bw
3
(
1 + w
(dec)
φ
) [ 1
aw
ln (1 + δφi)− ln (1 + δHos)
]
. (3.17)
Furthermore, since ρ
(ini)
φ and Hos generally scale as some powers of φi, we can also express
ζφ as
ζφ =
k
3
(
1 + w
(dec)
φ
) ln(1 + δφi
φ¯i
)
, (3.18)
with k being a scenario dependent constant of order unity in general. For the quadratic po-
tential, k = 2. For more general cases, we summarize the calculation methods in appendix B.
9We assume that the inflaton decays into radiation after H = Hw but before φ decays.
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3.1.2 Before φ-decay
Let us take the φ-decay surface, H(~x) = Γφ(~x):
ρ(dec)r (~x) + ρ
(dec)
φ (~x) = ρ¯
(dec)
tot
1 + δΓ(dec)φ
Γ¯
(dec)
φ
2 . (3.19)
We define δN1 as the e-folding number from the constant ρφ surface at which ρφ(~x) = ρ¯φ to
the φ-decay surface:
ρ
(dec)
φ (~x) = ρ¯
(dec)
φ e
−3
(
1+w
(dec)
φ
)
δN1
ρ(dec)r (~x) = ρ¯
(dec)
r e
−4(ζφ+δN1).
(3.20)
By solving this equation, we obtain
δN1 =
−1
3
(
1 + w
(dec)
φ
)
Rφ + 4Rr
4Rrζφ + 2δΓ(dec)φ
Γ¯
(dec)
φ
 , (3.21)
at the leading order, where
Rφ ≡ ρ¯φ
ρ¯tot
∣∣∣∣
φ-dec
, Rr ≡ ρ¯r
ρ¯tot
∣∣∣∣
φ-dec
. (3.22)
They satisfy Rφ +Rr = 1.
Here and hereafter, we consider a rather general form of the dissipation rate, that is,
Γφ depends on φ(~x) itself and the temperature T (~x) as
Γφ ∝ Tmφn ∝ a(t)−p. (3.23)
where p = m + qn with φ ∝ a(t)−q. δΓφ should be written by ζφ, and hence δN1 can be
expressed solely by ζφ.
To do so, let us take four slices. (a) φ-decay surface where Γ
(a)
φ (~x) = H
(a)(~x), (b)
constant φ surface where φ(b)(~x) = φ¯, (c) constant Γφ surface where Γ
(c)
φ (~x) = Γ¯φ, (d)
uniform density surface of others where T (d)(~x) = T¯ . We define δNb(= δN1) as the e-folding
number from (b) to (a), δNc as that from (c) to (b) and δNd as that from (d) to (c). Note
that δNc + δNd = ζφ.
We have following relations:
Γ
(a)
φ (~x) = Γ
(b)
φ (~x)e
−pδNb , (3.24)
Γ
(b)
φ (~x) = Γ¯φe
−pδNc , (3.25)
φ¯ = φ(c)(~x)e−qδNc , (3.26)
Γ¯φ ∝ T (c)m(~x)φ(c)n(~x) = const., (3.27)
φ(c)(~x) = φ(d)(~x)e−qδNd , (3.28)
T (c)(~x) = T¯ e−δNd . (3.29)
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From (3.24) and (3.25), we obtain
δΓ ≡
δΓ
(dec)
φ
Γ¯
(dec)
φ
=
δΓ
(a)
φ
Γ¯
(a)
φ
= −p(δNb + δNc) + p
2
2
(δNb + δNc)
2. (3.30)
From (3.26) and (3.28), we obtain
δNc + δNd =
1
q
ln
(
φ(d)(~x)
φ¯
)
= ζφ, (3.31)
as expected.10 Moreover, by using (3.27) and (3.29), we obtain
δNd =
n
p
ln
(
φ(d)(~x)
φ¯
)
=
qn
p
ζφ, (3.32)
δNc =
m
qp
ln
(
φ(d)(~x)
φ¯
)
=
m
p
ζφ. (3.33)
Substituting (3.30) into (3.19) and solving it self-consistently order by order, we obtain
δN
(1)
1 =
4Rr − 2m
2p− 3
(
1 + w
(dec)
φ
)
Rφ − 4Rr
ζφ, (3.34)
at the leading order and
δN
(2)
1 =
−2RrRφ[
2p− 3
(
1 + w
(dec)
φ
)
Rφ − 4Rr
]3 [4(p−m)− 3(1 + w(dec)φ ) (2−m)]2 ζ2φ, (3.35)
at the second order in ζφ.
3.1.3 After φ-decay
Finally, let us take the uniform density surface after φ-decay, where only the radiation exists.
ρ(uds)r (~x) = ρ¯r = 3H¯
(uds)2M2P . (3.36)
We define δN2 as the e-folding number from the φ-decay surface to the uniform density
surface:
ρ¯r = ρ
(dec)
r (~x)e
−4δN2 = 3H(dec)
2
M2P e
−4δN2 = ρ¯r (1 + δΓ)2 e−4δN2 . (3.37)
Hence we obtain
δN2 =
1
2
ln (1 + δΓ) =
1
2
(
δΓ − 1
2
δ2Γ
)
. (3.38)
Then from (3.30), we find
δN2 = −1
2
(mζφ + pδN1) . (3.39)
10One can easily show that this ζφ coincides with (3.6).
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3.1.4 Curvature perturbation
The curvature perturbation ζ evaluated well after the decay of φ is equal to the e-folding
number from the spatially flat surface to the uniform density surface, according to the δN
formalism. The resulting curvature perturbation is thus given by
ζ = ζφ + δN1 + δN2. (3.40)
At the leading order, it is given by
ζ(1) =
Rφ
3
(
1 + w
(dec)
φ
)
Rφ + 4Rr
3(1 + w(dec)φ ) ζφ + (3w(dec)φ − 1) δΓ(dec)φ
2Γ¯
(dec)
φ
 . (3.41)
It is seen that the curvature perturbation is proportional to Rφ and the effect of self-
modulated reheating vanishes for w
(dec)
φ = 1/3, as expected.
By substituting (3.30), we obtain
ζ(1) =
Rφ
[
4(p−m)− 3
(
1 + w
(dec)
φ
)
(2−m)
]
2
[
2p− 3
(
1 + w
(dec)
φ
)
Rφ − 4Rr
] ζφ, (3.42)
at the leading order, and
ζ(2) =
(p− 2)RrRφ[
2p− 3
(
1 + w
(dec)
φ
)
Rφ − 4Rr
]3 [4(p−m)− 3(1 + w(dec)φ ) (2−m)]2 ζ2φ, (3.43)
at the second order in ζφ.
Now, let us evaluate power spectrum Pζ and non-Gaussianity fNL in terms of p, m,
w
(dec)
φ , k which is defined in (3.18) and r, that is defined as
r ≡
Rφ
[
3
(
1 + w
(dec)
φ
)
(2−m)− 4(p−m)
]
2
[
(3
(
1 + w
(dec)
φ
)
− 2p)Rφ + (4− 2p)Rr
] , (3.44)
which coincides with 3ρφ/(3ρφ + 4ρr) for the standard curvaton scenario where parameters
are given by (p,m,w
(dec)
φ ) = (0, 0, 0). The power spectrum can be written as
Pζ =
 H∗
2piφi
kr
3
(
1 + w
(dec)
φ
)
2 . (3.45)
The non-linearity parameter fNL has the following form
fNL = A
(0) +A(1)r +A(−1)
1
r
, (3.46)
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with
A(0) = −5
3
×
6
(
1 + w
(dec)
φ
)
− 4− 2p
2− p , (3.47)
A(1) = −5
6
×
4
(
4− 3
(
1 + w
(dec)
φ
))(
3
(
1 + w
(dec)
φ
)
− 2p
)
(2− p)
(
3
(
1 + w
(dec)
φ
)
(2−m)− 4(p−m)
) , (3.48)
A(−1) =
5
4
×
2
(
3
(
1 + w
(dec)
φ
)
(2−m)− 4(p−m)
)
3(2− p) −
2
(
1 + w
(dec)
φ
)
k
 . (3.49)
In most cases including the cases which we deal with, A(−1) is a factor of order unity, hence
we have fNL ∼ 1/r for r  1 as in the ordinary curvaton model. However, there may exist a
situation in which A(−1) = 0 keeping ζ ∼ 5× 10−5, that relaxes the constraint on a curvaton
scenario drastically [47].
3.2 Case with fixed point
In general, the dissipation rate of φ depends on φ˜ and T . There are some cases in which
the dissipation becomes ineffective before the φ condensation disappears. For example, the
dissipation rate caused by χ particles may have the form in eq. (2.23). If the dissipation rate
becomes comparable with H during φ˜ T/λ, φ˜ will soon decrease to φ˜ ∼ T/λ. After that,
the dissipation becomes ineffective if φ oscillates with the zero-temperature mass. Eventually
φ disappears via the dissipation/decay. For such a case, we can define r for the each epoch
at which Γ ∼ H and the dominant contribution to the curvature perturbation comes from
the epoch of dissipation with maximal r.
Let us see the effects of multi time dissipation/decay. We assume followings. φ loses
energy n-th times. At j-th dissipation/decay, the energy density of φ behaves as ρφ ∝
a−3(1+w
dec
φ,j ) and the dissipation rate as Γφj ∝ Tmjφnj ∝ a−pj . We set 2N slices such as jb
slice at just before j-th time dissipation with fixed energy density of radiation and ja slice at
just after j-th time dissipation with fixed energy density of radiation. Just as in the previous
subsection, we can parametrize the energy density of φ at jb slice by using kj as
ln
ρφ(φi)
∣∣
jb
ρ¯φ
= kj ln
(
1 +
δφi
φ¯i
)
. (3.50)
We define the e-folding number Nj(φi) from j
b slice to ja slice. With these set up, we can
calculate Nj ,φi and Nj ,φiφi just as in the previous section by replacing each component • to•j . Then, we can write down the e-folding number Ntot(φi) from the spatially flat surface
well before 1-st decay to the constant density surface well after the N -th decay as
Ntot(φi) '
∑
j
Nj(φi) + const., (3.51)
where we neglect the effects from ja slice to (j+1)b slice because we can shift (j+1)b slice to
the time just after ρφ behaves as ρφ ∝ a−3(1+w
dec
φ,j ) and ρφ will be well subdominant during
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rest time spans. From (3.51), one can obtain
Ntot,φi =
∑
j
kjrj
3
(
1 + wdecφ,j
)
φi
, (3.52)
fNL tot =
5
6
∑
j
(Nj,φi)
2
(Ntot,φi)
2
fNLj . (3.53)
One can see that typically, the dominant contribution comes from the dissipation/decay with
maximal value of rj .
There are some exceptions in which the dissipation fixes φ˜ to a certain value depending
only on T and independent of φi. If this happens at j-th dissipation, one can say that kl = 0
for l > j because the dependence of φi disappears completely. In such a case, the curvature
perturbation is determined at the time when φ is fixed. This is true even if φ dominates
the universe after the time of fixing. We will call this point as fixed point. The example of
fixed point is following. If φ oscillates with quartic potential after the dissipation caused by
χ particles makes φ˜ ∼ T/λ, the φ˜ will be fixed to H ∼ Γ. This is because the dissipation
rate behaves Γ ∼ φ˜2T−1, which drops down more slowly than H if φ oscillates with quartic
potential. As you will see in section 4, φ can be actually trapped at the fixed point in the
region of relatively high TR and φi.
4 Case study
In this section, we consider the viability of the curvaton scenario taking all the effects de-
scribed so far into account. In particular, we estimate R defined below for some typical cases,
R˜ ≡ ρφ
ρrad
∣∣∣∣
φ disappears
, (4.1)
which characterizes the properties of φ as a curvaton. Once we assume that the curvaton is
a dominant source of the observed density perturbation, we need R˜ & 0.1 in order to avoid
too large non-Gaussianity. In addition, we will check whether φ comes to be trapped at the
fixed point or not. If φ is once trapped at the fixed point, generally R˜ 1 holds at the time
of fixing. Therefore, such a region is not allowed.
In order for the curvaton field φ to generate the observed power spectrum Pζ in eq. (3.1),
the Hubble parameter during inflation, H∗, is fixed to be
H∗ ∼ 6× 10−4φi
(
1 + R˜
R˜
)
. 1014 GeV, (4.2)
where the second inequality comes from the condition that the amplitude of tensor mode
should not be too large. On the other hand, H∗ must be greater than Hos, which is the
Hubble parameter at the onset of φ oscillation, otherwise φ starts to oscillate during or
before the inflation. Thus, we impose a following condition:
Hos < 6× 10−4φi
(
1 + R˜
R˜
)
. (4.3)
We have checked these conditions (4.2), (4.3) in the numerical study.
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4.1 y = 0 case
First, we consider the situation in which there are no effects from fermion ψ i.e. y = 0. In
such a case, the scalar condensation φ can not completely disappear if the coupling λ is
smaller than the critical value λc because Z2 symmetry forbids the perturbative decay of φ.
Therefore, we assume non-zero Γhigherφ for φ to obtain small but nonzero perturbative decay
rate. In order to see the typical situation, we assume the following form Γhigherφ ∼ m3φ/M2∗
with a decay temperature Tdec ∼ O(1) MeV, which indicates
Γhigherφ =
√
g∗pi2T 4dec
10M2Pl
. (4.4)
Here M∗ denotes a cutoff scale. This ensures that φ condensation decays before Big-Bang
Nucleosynthesis (BBN). Thus, for small λ in which φ condensation cannot be dissipated away,
our calculation gives upper bound on R˜. We take following values for other parameters:
gth,χ = 0.5, αth,χ = 0.05, α
(g)
χ = 0.05, hχ = 1, Nχ = 1. For the renormalization scale Q, we
take Q = 100 GeV. This set up is close to the minimal higgs curvaton model [9]. The
remaining parameters are the reheating temperature of the universe TR, the tree-level mass
mφ and the coupling constant λ.
Figure 1 shows contours of R˜ on (φi, λ) plane. We take (mφ, TR) = (10
3 TeV, 109 GeV)
(top), (mφ, TR) = (1 TeV, 10
9 GeV) (middle), (mφ, TR) = (1 TeV, 10
3 GeV) (bottom). In the
pink shaded region, the condition (4.2) is violated.
One can see that R˜ ∼ 1 can be realized just below the line of λ ∼ λc. This fact is easily
understood because if λ > λc, the condensation φ is dissipated and R˜ becomes suppressed,
while if λ  λc, the condensation survives until it decays via the higher dimensional term.
Therefore, the line of R˜ ∼ 1 exists just below λ = λc. The difference between top and middle
figures mainly comes from the position of the line λ = λc. For smaller TR, φ oscillates in the
inflaton dominant era for a long time and R˜ tends to be smaller. The fixed point behavior is
not realized in the parameter regions we considered.
4.2 y 6= 0 case
Now we consider more general case i.e. y 6= 0. We take following values for the parameters:
gth,χ/ψ = 0.5, αth,χ/ψ = 0.05, α
(g)
χ/ψ = 0.05, hχ/ψ = 1, Nχ = 2, Nψ = 1. For the renormalization
scale Q, we choose Q = 100 GeV. If we set λ = y, the quartic potential of φ coming from
the CW correction vanishes and we call this supersymmetric (SUSY) case. If y > λ, the
quartic potential of φ becomes unstable at the large field value and we do not consider such
a case. We take Γhigherφ = 0 for simplicity, because the non-zero Yukawa coupling y typically
dominates the perturbative decay rate of φ unless y is extremely small.
Figure 2 shows contours of R˜ in the SUSY case λ = y. We take (mφ, TR) =
(1 TeV, 109 GeV) (left) and (10−6 TeV, 109 GeV) (right). In the pink shaded region, the con-
dition (4.2) is violated. The fixed point phenomenon is realized inside the green solid line,
although the most of these regions violate the condition (4.2). Since the Yukawa coupling
induces the earlier dissipation/decay compared with the y = 0 case, the energy fraction R˜
tends to be smaller. Hence the constraints become severer. The contours of R˜ in the figure
are relatively curved in the upper side and tend to have large values compared with the pre-
vious case y = 0. This is because thermal potential is more likely to affect the dynamics of
the condensation of φ in the SUSY case and because the absence of four point self interaction
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Figure 1. Contours of constant R˜ on (φi, λ) plane. We take (mφ, TR) = (10
3 TeV, 109 GeV) (top),
(mφ, TR) = (1 TeV, 10
9 GeV) (middle), (mφ, TR) = (1 TeV, 10
3 GeV) (bottom). In the pink shaded
region, the condition (4.2) is violated.
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Figure 2. Contours of constant R˜ on (φi, λ) plane in SUSY case λ = y. We take (mφ, TR) =
(1 TeV, 109 GeV) (left) and (10−6 TeV, 109 GeV) (right). In the pink shaded region, the condition (4.2)
is satisfied. The fixed point phenomenon is realized inside the green solid line.
delays the beginning of oscillation, respectively. As in the previous case, above the critical
coupling yc, the curvaton dissipates its energy thermally. For a relatively smaller mφ, the
fixed point phenomena tend to be realized as the thermal potential dominates the dynamics.
Figure 3 indicates contour of R˜ for general set of (λ, y) with with φi = 10
16 GeV. We
set (mφ, TR) = (1 TeV, 10
9 GeV). Similar to the case of y = 0, the line of R˜ = 1 lies a bit
below λ = λc. This figure indicates that the SUSY effects appear at the vicinity of y = λ.
5 Summary
In this paper we have revisited the curvaton model taking account of the curvaton interactions
with other light species. The curvaton dynamics can be drastically modified compared with
the ordinary scenario in which the curvaton oscillates with quadratic potential and decays
perturbatively at the late epoch.
Most importantly, the curvaton energy density at its decay/dissipation strongly depend
on the curvaton initial field value, potential, coupling constants and background temperature.
Moreover, in general, the resulting curvature perturbation is complicated because:
• The oscillation epoch of φ may depend on φi.
• The epoch at which equation of state of φ changes may also depend on the amplitude
of φ.
• The effective decay/dissipation rate of φ may also depend on the amplitude of φ.
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Figure 3. Contours of constant R˜ on (λ, y/λ) plane with φi = 10
16 GeV. We have taken (mφ, TR) =
(1 TeV, 109 GeV).
We have considered all these effects and derived the cosmological evolution of the cur-
vaton and its viability to explain the observed curvature perturbation of the universe. As
is well known, in order to avoid too large non-Gaussianity, the curvaton energy fraction at
its decay epoch must be close to one. This means that the curvaton is not likely dissipated
by thermal effects. In other words, the curvaton should survive the thermal dissipation,
and hence the interaction between the curvaton and thermal plasma via the renormalizable
quartic/Yukawa terms should be suppressed. In fact, it is shown that there is an upper
bound on the renormalizable coupling, which is roughly given by λ2, y . (mφ/Mpl)1/2 [see
eqs. (2.29) and (2.30) for more precise forms], from the constraints on the non-Gaussianity
and the tensor mode.
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A Effects of φ particles via four-point interaction
φ particles can be generated in the early universe due to the non-perturbative effects caused
by oscillation of φ condensation itself via the four point self interaction of φ. In this appendix,
we show such produced φ particles are harmless in our case, i.e. they do not much affect the
results obtained in section 4.
Concretely, we verify two things:
• The non-perturbative production of φ particles do not change the order-of-magnitude
estimation of the amplitude of φ condensation.
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• The number density of φ particles obeys an equation similar to that of condensation
(See [48, 49] for instance).
A.1 Non-perturbative production of φ particles and turbulence
Aside from the quartic (Yukawa) interaction λ2φ2|χ|2 (yψ¯ψ) in eq. (1.1), there is a possible
source that drives the φ condensation towards a higher momentum, that is, the four point
self interaction of φ itself induced by the one loop effect. In order to compare the dynamics
via four point interaction with that of quartic/Yukawa one discussed in section 2.2, let us
clarify its effect and typical time scale. For that purpose, we consider the following potential
motivated by the CW potential:
V = λ4φ4. (A.1)
Here we omit the loop factor for simplicity.11 We assume λ is relatively small such that
α λ with the thermal width of χ being Γth,χ = αT if χ participates in the thermal plasma.
In the following discussion, we assume φ has initially large amplitude. Such a case is
well studied for example in [20–22] and we follow their discussion. According to [21, 22], the
typical scale Q is written as
Q ≡ λ(ρφ)1/4, (A.2)
which is the same as k∗,φ in our notation. Since the Floquet index is roughly given by µ ∼ Q,
the non-perturbative production of φ particles occurs during t . Q−1 log λ−4, and then
energy density of them becomes compatible to that of condensation at tNP ∼ Q−1 log λ−4.
At that time, the amplitude of φ is changed by factor not order.
After that, the distribution function obeys the self-similar behavior which is referred
to as turbulent phenomena. The distribution function of high momentum mode with p 
Q and low momentum mode with p  Q evolve in different ways, which is dubbed as a
dual cascade [21, 22] and characterized by different exponents κ of distribution function,
f(p) ∝ (Q/p)κ.
• For low momentum modes (pQ), an inverse particle cascade toward infrared takes
place, which is driven by the number conserving interactions among the soft sector (p
Q).12 The exponent is given by κM = 4/3 for f(p) . O(1/λ4). In terms of perturbative
kinetic picture in λ, the stationary particle flow driven by the four point interaction
implies this exponent [20]. For ultra-soft modes f(p) & O(1/λ4), the exponent is turned
out to be more stronger: κS = 4 [21, 22]. This is because the perturbative expansion
in λ is broken down and we have to consider many other processes non-perturbatively.
In the case of N > 2 with O(N)-symmetric scalar field theory, in terms of the 1/N
expansion, it is shown that the anomalous exponent κS = 4 can be understood as the
consequence of momentum dependent effective coupling λeff(p) ∼ p2 [21, 22].
11We assume λ y to stabilize the effective potential.
12Though the exact zero mode will decay by a power law with φ0(t) ∼ Q(Qt)−1/3 [20], the particles are
still condensed in low momenta regime and phenomenological consequence is not clear. Therefore, we simply
regard such a condensation below p Q as a zero mode effectively in the following. In addition, even if the
effective zero mode may decay with this power low, the change of exponent from φ˜ ∝ a−1 can be neglected
practically in our case since the scalar disappears before this difference becomes significant.
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• For high momentum modes (p Q), an energy cascade toward ultraviolet (UV) takes
place, which is driven by the effective three point interaction for hard modes: φ(hard)+
φ(hard)→ φ(soft)+φ(hard). It is characterized by the Kolmogorov exponent κH = 3/2
and the stationary energy flow towards UV implies this exponent [20]. The distribution
function obeys the following self-similar evolution: f(t, p) = (Qt)αfs
(
(Qt)βp
)
with
α = 4β and β = 1/(2n−1) for a n-point interaction. Hence one finds (α, β) = (4/5, 1/5)
in this case. The maximum momentum pmax ≡ Q(Qt)β which has dominant energy
density grows higher and higher.
After the distribution function reaches f ∼ 1, the quantum effects become important
and lead to thermal equilibrium with the Bose-Einstein distribution. Therefore, the time
scale when the turbulent phenomena stops can be estimated as
tquant ∼ Q−1λ−5 = λ−6(ρφ)−1/4, (A.3)
since fs ∼ O(1/λ4). At that time, the maximum momentum arrives at pmax ∼ ρ1/4φ > Q.
Now we are in a position to discuss the effects of four point interaction on the dissipation
caused by the quartic/Yukawa interaction. To maximize the effect of four-point interaction,
let us concentrate on the case with λ2φi  λT .
First, the non-perturbative production of χ particles may take place as discussed in
section 2.2.1, and it terminates at k2∗ ∼ λ3φ˜2 ∼ αT 2. At that time, the ratio of energy
density of φ to that of background thermal plasma is given by
ρφ
ρrad
∼
(α
λ
)2
. (A.4)
This indicates that the oscillation time scale of soft modes (p < Q) always oscillates much
slower than the typical time scale of interaction of χ with the thermal plasma, Q ∼ λ2φ˜ .
(λα)1/2T  Γth,χ/ψ; and that the turbulent evolution toward the UV regime is much slower
than the typical interaction time scale of particles in thermal bath, t−1quant ∼ (λ5α)1/2T ≪
Γth,χ/ψ. Correspondingly, the φ condensation dissipates much faster than the turbulent time
scale driven by the four point interaction
Γφtquant & λ4Ttquant  1. (A.5)
Importantly, this implies that before the quartic interaction completes the energy cascades
toward the UV regime, at least the interaction with the background thermal plasma dom-
inates the UV cascade. In addition, it is also possible that the quadratic term dominates
the effective potential before the completion of the UV cascade. Note that in the case of
ρφ/ρrad . (α/λ)2 the above conditions are satisfied much easier.
Therefore, the φ particles produced by the four-point interaction is at most accumulated
in the infrared regime p  Γth,χ/ψ and their evolution toward the UV regime is dominated
by the interaction with the thermal plasma. The first result implies that the χ particles see
the soft φ as a slowly oscillating almost homogeneous background, and hence the dissipation
rate of φ with p  Γth,χ/ψ can be approximated with that given in section 2.2.2. In the
following section, we will see explicitly such produced φ particles obey the same equation
with that of condensation.
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A.2 Equation for φ particles
In this section we derive an equation of motion of φ particles who are accumulated at low
momenta. We assume the separation of time scales between thermal bath (Γth,χ) and φ
particles: Γth,χ/ψ  Ωφ,k where Ω•,k ≡
√
m2•,eff + k2 with • = φ, χ. We focus on the
situation where χ particle is well thermalized. In such a situation, one can use the quasi-
particle ansatz for 2 point Green function of φ. We assume the following quasiparticle form
for the propagators:
GχH(t, t
′,k) = (1 + 2fB,k(tc))
cos(Ωχ,k(tc)t∆)
Ωχ,k(tc)
e
−Γth,χ|t∆|
2 , (A.6)
iGχJ(t, t
′,k) =
sin(Ωχ,k(tc)t∆)
Ωχ,k(tc)
e
−Γth,χ|t∆|
2 , (A.7)
GφH(t, t
′,k) = (1 + 2fφ,k(tc))
cos(Ωσ,kt∆)
Ωσ,k
, (A.8)
iGφJ(t, t
′,k) =
sin(Ωφ,kt∆)
Ωφ,k
, (A.9)
where
tc ≡ 1
2
(t+ t′), (A.10)
t∆ ≡ t− t′, (A.11)
and
G(x0, y0,k) =
∫
d3(x− y)e−ik·x−yG(x, y), (A.12)
and fB is the Bose distribution function. The Kadanoff-Baym equations for G
φ
H is
13
(
x +m2φ(x)
)
GφH(x, y) = i
∫ x0
0
d4zΠφJ(x, z)G
φ
H(z, y)− i
∫ y0
0
d4zΠφH(x, z)G
φ
J(z, y). (A.13)
Thanks to the damping caused by Γth,χ, this non local equation can be regarded as local one
in time scale of Ωφ. Neglecting terms of O(Ωφ/αT ), one can get the following Boltzmann
type equations14
dfφ(Ωk, t)
dt
−
 k2
Ωk
H − T˙
T
∂m2φ(T )
∂ lnT
2Ωk
 ∂fφ(Ωk, t)
∂Ωk
= −Γparφ
(
φ˜(t)
)
[fφ(Ωk, t)− fB(k)] , (A.14)
where Γparφ (φ˜) is oscillation averaged dissipation rate defined as
Γparφ
(
φ˜(t)
)
≡ 〈Γφ[φ(t)]〉. (A.15)
One can see that the dissipation rate of particle Γparφ and that of condensation (2.13) are the
same order.
13If φ condensation oscillates with thermal log potential, the number density of tachyonic mode of φ particles
may grow. However, the energy density of φ particles is at most that of condensation. Therefore, we can
neglect such effects.
14To derive eq. (A.14), we follow ref. [48].
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B Estimation of k
In this appendix, we give a formula for evaluation of k which is defined in (3.18) with general
set up. We assume that φ¯, which is the amplitude of φ, and the total energy density other
than φ, which we denote by ρoth, have power low dependences on the scale factor as
φ¯ ∝ R−a, (B.1)
ρoth ∝ R−b, (B.2)
with R being the scale factor.15 The power law index a or b may change at some epoch,
depending on the form of the scalar potential and the properties of the background. The
epoch of the transition of a or b can be written in the following form
ρβothφ¯
α = M4β+α, (B.3)
with α and β being some constants and M being a mass scale, which is assumed to be a
constant. With these assumptions, we can estimate k.
To be more general, we assume that the power law index a or b change N times from
the start of φ oscillation to its decay. The condition of n-th transition (1 ≤ n ≤ N) can be
written as
ρβnothφ¯
αn
n = M
4βn+αn
n . (B.4)
We can define the time slicing, which satisfy the n-th transition condition and we will call the
surface n-th surface. We set the condition of onset of the oscillation to be ρothφ¯
α0 = M4+α00
and call it 0-th surface. We also take N + 1-th surface at the time just before decay with the
condition ρoth = M
4
N+1. The time evolution of φ¯ and ρoth from n − 1 slicing to n slicing is
assumed to be the following form
φ¯ ∝ R−an , (B.5)
ρoth ∝ R−bn . (B.6)
Now we have fixed all components needed to estimate k. Suppose that at n− 1-th surface φ¯
and ρoth are depend on φi as
φ¯n−1 ∝ φAn−1i , (B.7)
ρn−1,oth ∝ φBn−1i . (B.8)
Then, the subsequent evolution can be written as
φ¯ ∝ φAni
(
R
Rn−1
)−an
, (B.9)
ρoth ∝ φBni
(
R
Rn−1
)−bn
, (B.10)
15It should not be confused with the energy fraction of curvaton.
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with Rn−1 being the scale factor at n− 1-th slice. Using the condition (B.4), one can obtain(
Rn
Rn−1
)
∝ φ
An−1αn+Bn−1βn
anαn+bnβn
i ≡ φCni , (B.11)
φ¯n ∝ φAn−1−anCni , (B.12)
ρn,oth ∝ φBn−1−bnCni . (B.13)
Thus, what we have to do is just to solve the following series
An = An−1 − anCn, (B.14)
Bn = Bn−1 − bnCn, (B.15)
Cn =
An−1αn +Bn−1βn
anαn + bnβn
, (B.16)
with initial condition A0 = 1, B0 = −α0. Then, k can be obtained as
k = kaAN+1 + kbBN+1, (B.17)
where we assume the form of energy density just before decay as ρφ ∝ φ¯kaρkboth. Note that
3
(
1 + w
(dec)
φ
)
= aN+1ka + bN+1kb.
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